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SEMISIMPLICITY AND INDECOMPOSABLE OBJECTS IN INTERPOLATING
PARTITION CATEGORIES
JOHANNES FLAKE AND LAURA MAASSEN
Abstract. We study tensor categories which interpolate partition categories, representation cat-
egories of so-called easy quantum groups, and which we view as subcategories of Deligne’s in-
terpolation categories for the symmetric groups. Focusing on semisimplicity and descriptions of
indecomposable objects, we generalise results known for special cases, including Deligne’s Rep(St).
In particular, we identify those values of the interpolation parameter t which correspond to semi-
simple and nonsemisimple categories, respectively, for all group-theoretical partition categories.
A crucial ingredient is an abstract analysis of certain subobject lattices developed by Knop, which
we adapt to categories of partitions. We go on to prove a parametrisation of the indecompos-
able objects in the interpolation categories for almost all partition categories via a system of
finite groups which we associate to any partition category, and which we also use to describe the
associated graded rings of the Grothendieck rings of those interpolation categories.
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1. Introduction
In this article, we link the representation theory of easy quantum groups with interpolating
categories of the kind studied by Deligne. This provides many new examples for the latter theory.
Each of these examples is a subcategory of one of Deligne’s categories Rep(St) with the same
objects, but restricted morphism spaces. We will start reviewing some background material on
(easy) quantum groups in order to put our results into context. However, in the course of the
paper, we will be mostly using the combinatorial aspects of this theory and leave the quantum
group aspects aside.
There are various settings in which the term quantum group is used. Originally, quantum groups
were introduced by Drinfeld [Dri87] and Jimbo [Jim85] as Hopf algebra deformations of the universal
enveloping algebras of semisimple Lie algebras. However, in this article we consider topological
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quantum groups in the sense of Woronowicz [Wor87]. A compact matrix quantum group is a
deformation of the algebra of continuous complex-valued functions on a compact matrix group. In
such a non-commutative setting, Woronowicz proved a Tannaka–Krein type result [Wor88] showing
that any compact matrix quantum group can be fully recovered from its representation category.
This was the starting point for Banica and Speicher [BS09] to introduce (orthogonal) easy quan-
tum groups. These form a subclass of compact matrix quantum groups, which can be build up
from purely combinatorial structures, called categories of partitions. Categories of partitions are
made of set partitions with a relatively simple graphical calculus. For any category of partitions
C, Banica and Speicher defined a series of monoidal categories, later in the present article denoted
by Rep(C, n), n ∈ N0. An easy quantum group is then a compact matrix quantum group whose
representation category is the image of some category Rep(C, n) under a certain fiber functor. An
example of an easy quantum group is the n-th symmetric group Sn induced by the category of
all partitions C = P . An honest quantum group example, where the underlying algebra is non-
commutative, is Wangs’s [Wan98] free symmetric quantum groups S+n induced by the category of
all non-crossing partitions. In 2016, Raum and Weber [RW16] completed the classification of all
categories of partitions and we will use this classification throughout the paper.
In [Del07], Deligne introduced and studied categories Rep(St) interpolating the representation
categories of all symmetric groups. Deligne’s categories depend on a complex interpolation parame-
ter t, they are always Karoubian (pseudo-abelian) and monoidal. However, for t 6∈ N0, they turn out
semisimple, while for t ∈ N0, they are not. Instead, there is a unique semisimple quotient category,
the semisimplification in the sense of Barrett–Westbury ([BW99], see also [EO18]). Its defining ten-
sor ideal is formed by all negligible morphisms, that is, morphisms whose compositions with other
morphisms have trace 0 whenever they are endomorphisms. The semisimplification of Rep(St) in
the case t = n ∈ N0 is equivalent to Rep(St), the ordinary category of representations of the n-th
symmetric group, whose finitely many irreducible objects have a well-known parametrisation by a
finite set of Young diagrams, depending on n. This description extends to a parametrisation of the
indecomposable objects in Rep(St) by Young diagrams of arbitrary size, independent from t (see
[CO11]).
An intriguing feature of Deligne’s categories is their combinatorial definition via set parti-
tions, which looks very much like the calculus used for easy quantum groups. In fact, we have
Rep(Sn) = Rep(P, n) for n ∈ N0. As categories of partitions C can be regarded as subcategories
of the category of all partitions P , it is natural to consider interpolation categories Rep(C, t) such
that Rep(St) is recovered as a special case for C = P . The definition of such interpolation cate-
gories can also be found in Freslon [Fre17], who employed them to study a version of Schur–Weyl
duality. However, they have never been studied systematically within the framework of Deligne’s
interpolating categories and we intend to initiate such an endeavour.
In particular, we want to study the semisimplicity and the indecomposable objects in such
interpolating partition categories. The table in Figure 1 summarises known results about special
cases, together with results obtained in this paper which are new to our knowledge.
More systematically, it turns out that many results on the semisimplicity and indecomposable
objects can be derived for general interpolating partition categories Rep(C, t). We find that, as
semisimplicity can be encoded in polynomial conditions, such categories will be semisimple for
generic values of the deformation parameter t, that is, for all values outside of a set of algebraic
complex numbers depending on C. We recall these special values for t for several known special
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Figure 1. Special cases of interpolating partition categories.
C Rep(C, t) Non-semisimple
Indecomposable
objects up to
isomorphism
Reference
P =
all partitions
Rep(St) t ∈ N0 Young diagrams ofarbitrary size [CO11]
P2 =
partitions with
block size two
Rep(Ot) t ∈ Z Young diagrams ofarbitrary size [CH17]
Peven =
partitions with
even block size
Rep(Ht) t ∈ N0 bipartitions ofarbitrary size
Thm. 3.32,
Prop. 5.27
NC =
non-crossing
partitions
Rep(S+t )
t = 2 · cos(jπ/l),
l ∈ N≥2, j ∈ N≤l−1
modified
Jones–Wenzl
idempotents
Lem. 3.13,
Lem. 4.21
NC2 =
non-crossing
partitions with
block size two
Rep(O+t )
t = 4 · cos(jπ/l)2,
l ∈ N≥2, j ∈ N≤l−1
Jones–Wenzl
idempotents
[GW02]
NCeven =
non-crossing
partitions with
even block size
Rep(H+t )
t = 4 · cos(jπ/l)2,
l ∈ N≥2, j ∈ N≤l−1
finite binary
sequences of
arbitrary length
Lem. 3.14,
Prop. 5.27
cases before proving a general result for group-theoretical categories of partitions, an uncountable
family covering all but countably many cases of categories of partitions (as described by [RW16]).
Theorem 1.1 (Theorem 3.32). Let C be a any group-theoretical category of partitions. Then
Rep(C, t) is semisimple if and only if t 6∈ N0.
In particular, this recovers and generalises known results for Rep(St) as well as for the inter-
polation categories for the hyperoctahederal groups, Rep(Ht). To prove this general result, we
observe that for group-theoretical categories of partitions, certain lattices of subobjects are, in fact,
sublattices of the corresponding lattices of Rep(St). This enables us to apply techniques developed
by Knop ([Kno07]) originally to study generalisations of Rep(St), which involve a concise analysis
of the mentioned sublattices, and which we carry out for arbitrary categories of partitions.
We go on deriving a general parametrisation scheme of the indecomposable objects in interpo-
lating partition categories. Since we are working in the context of Karoubian categories, the study
of indecomposables amounts to an analysis of primitive idempotents in endomorphism algebras,
which in our case are the algebras spanned by partitions with a fixed number of upper and lower
points k ∈ N0. We show that the indecomposables are parametrised by the irreducible complex
representations of certain finite-groups, which we associate to a distinguished set of so called pro-
jective partitions, extending the work of [FW16]. Hence, up to the representation theory of certain
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finite groups, all indecomposable objects can be found by determining the set of projective parti-
tions. This yields a general description of the indecomposable objects for all but four categories of
partitions. Those excluded categories are exactly those containing the so-called singleton partition
↑ (see Section 2.1).
We define projective partitions (Definition 5.2), the finite groups S(p) associated to them (Defi-
nition 5.9), and an equivalence relation among them (Definition 5.14), to prove:
Theorem 1.2 (Theorem 5.18). Let C be a category of partitions not containing ↑, let t be a non-
zero complex number. Then the non-zero indecomposable objects in Rep(C, t) up to isomorphism
are in bijection with (and explicitly constructible from) the irreducible complex representations up to
isomorphism of the finite groups S(p) for a set of projective partitions p representing all equivalence
classes.
In particular, this is an analogue of the parametrisation of the indecomposables by Young di-
agrams of arbitrary size for Rep(St) as explained above. We apply our result to a number of
further examples. We show that it also corresponds to the known description of indecomposables
by Jones–Wenzl idempotents for the Temperley–Lieb categories Rep(O+t ) (Proposition 4.13), which
we relate to the interpolation categories for non-crossing partitions Rep(S+t ) by constructing a
suitable monoidal equivalence (Lemma 4.20, Proposition 4.21).
From the knowledge of all indecomposables in Rep(C, t) we derive a description of the associated
graded ring of the Grothendieck ring, using a suitable filtration, for all C not containing ↑ (Propo-
sition 5.22), as well as first results also on the indecomposables in the semisimplification ̂Rep(C, t)
for group-theoretical C and t ∈ N0.
Beyond that, we apply our general results to obtain a concrete parametrisation of the inde-
composable objects in Rep(Ht), and we conclude our discussion with a concrete description of the
indecomposable objects also for the non-crossing version, Rep(H+t ):
Proposition 1.3 (Proposition 5.27, Proposition 5.28). Assume t 6= 0. Then the non-zero inde-
composable objects in Rep(Ht) are in bijection with bipartitions of arbitrary size, and the non-zero
indecomposables in Rep(H+t ) are in bijection with finite binary sequences of arbitrary length.
It will be interesting to convert the general result of Theorem 1.2 to concrete parametrisations for
more families of partition categories. Beyond that, it seems intriguing to study semisimplicity and
indecomposable objects in interpolation categories of unitary easy quantum groups [TW17], corre-
sponding to a calculus of two-colored partitions, or of linear categories of partitions [GW19], whose
generators are not necessarily partitions, but more generally, linear combinations thereof. Eventu-
ally, such an analysis can be undertaken for the generalisations of partition categories described in
[MR19], whose morphisms involve finite graphs.
Structure of this paper. In Section 2, we recall the definition and classification of categories
of partitions and introduce the interpolating categories Rep(C, t). In Section 3, we provide some
general results on the semisimplicity of these categories and recall explicit computations for several
known special cases. Moreover, we determine all parameters t for which Rep(C, t) is semisimple in
the case that C is group-theoretical. We start Section 4 with some general results on indecomposable
objects in Rep(C, t) before deriving an explicit description of the indecomposables in Rep(S+t ). In
Section 5 we characterise indecomposable objects in Rep(C, t) in terms of projective partitions and
conclude with an explicit description of the indecomposables in Rep(Ht) and Rep(H
+
t ).
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2. Interpolating partition categories
In this section, we introduce interpolating partition categories. To this end, we start by recalling
the theory of categories of partitions, including their classification. At the end of the section,
we explain how interpolating partition categories interpolate the representation categories of the
corresponding easy quantum groups.
2.1. Categories of partitions. For the following definitions and examples we refer to the initial
article [BS09]. For any k, l ∈ N0 we denote by P (k, l) the set of partitions of {1, . . . , k, 1′, . . . , l′} into
disjoint, non-empty subsets. These subsets are called the blocks of p and we denote their number
by #p. We can picture every partition p ∈ P (k, l) as a diagram with k upper and l lower points,
where all points in the same block of p are connected by a string.
1 2 k
• • . . . •
p
• • . . . •
1′ 2′ l′
Note that only the connected components of a diagram of a partition are unique, not the diagram
itself. In the following we will repeatedly consider the following special partitions:
↑ = {{1′}} ∈ P (0, 1), = {{1, 2′}, {2, 1′}} ∈ P (2, 2),
= {{1, 1′}} ∈ P (1, 1), = {{1}, {2, 1′}, {2′}} ∈ P (2, 2),
= {{1}, {1′}} ∈ P (1, 1), = {{1, 2, 1′, 2′}} ∈ P (2, 2),
= {{1, 2}} ∈ P (2, 0), = {{1, 2}, {1′, 2′}} ∈ P (2, 2),
= {{1′, 2′}} ∈ P (0, 2), = {{1, 3′}, {2, 3}, {1′, 2′}} ∈ P (3, 3).
A category of partitions C is a collection of subsets C(k, l) ⊆ P (k, l), k, l ∈ N0, containing the
partitions ∈ P (2, 0) and ∈ P (1, 1), which is closed under the following operations:
• The tensor product p⊗ q ∈ P (k+ k′, l+ l′) is the horizontal concatenation of two partitions
p ∈ P (k, l) and q ∈ P (k′, l′).
• The involution p∗ ∈ P (l, k) is obtained by turning a partition p ∈ P (k, l) upside-down.
• Let p ∈ P (k, l) and q ∈ P (l,m). Then we can consider the vertical concatenation of the
partitions p and q. We may obtain connected components, called loops, which are neither
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connected to upper nor to lower points. We denote their number by l(q, p). The composition
qp ∈ P (k,m) of p and q is the vertical concatenation, where we remove all loops.
Example 2.1. ⊗ ⊗ = , ( )∗ = , ( )( ) = , ( )( ) = , ( )2 = , ( )2 = .
For any subset E ⊆ P = ⊔k,l P (k, l) we denote by 〈E〉 the category of partitions, which is
obtained by taking the closure of E ∪ { , } under tensor products, involution and composition.
Example 2.2. We will study the following examples throughout the paper.
⋆ The category of all partitions P is obviously a category of partitions and we have P =
〈 , ↑, 〉.
⋆ The category of partitions Peven := 〈 , 〉 consists of the partitions which have only
blocks of even size.
⋆ The category of partitions P2 := 〈 〉 consists of those partitions which have only blocks of
size two.
⋆ The category of partitions NC := 〈↑, 〉 consists of all non-crossing partitions, i.e. parti-
tions whose representing diagrams have no strings that cross each other. Note that this is
independent of the choice of the representing diagram.
⋆ The category of partitions NCeven := 〈 〉 consists of the non-crossing partitions which
have only blocks of even size.
⋆ The category of partitions NC2 consists of those non-crossing partitions which have only
blocks of size two; it is the minimal category of partitions in the sense that it is generated
by ∅ ⊂ P .
In 2016, Raum and Weber [RW16] classified all categories of partitions and we briefly summarise
their results. All categories of partitions fall into one of the following cases:
• The categories of partitions C with ∈ C are exactly
P, Peven, P2, 〈 , ↑ ⊗ ↑, 〉, 〈 , ↑ ⊗ ↑〉, 〈 , ↑〉,
see [BS09].
• The categories of partitions C which contain only non-crossing partitions are exactly
NC,NCeven, NC2, 〈↑ ⊗ ↑, 〉, 〈↑ ⊗ ↑〉, 〈 〉, 〈↑〉,
see [BS09] and [Web13]. Note that 〈 , ↑ ⊗ ↑〉 = 〈 , 〉.
• The categories of partitions C with /∈ C and ∈ C are exactly
〈 〉, 〈 , ↑ ⊗ ↑〉, 〈 , 〉, 〈 , , hs〉, s ∈ N,
where denotes the partition {{1, 3′}, {2, 2′}, {3, 1′}} ∈ P (3, 3) and hs denotes the par-
tition {{1, 3, 5, . . . , 2s− 1}, {2, 4, 6, . . . , 2s}} ∈ P (2s, 0), see [Web13]. This are the so called
half-liberated categories.
• The categories of partitions with
= {{1, 2, 2′, 3′}, {3, 1′} ∈ P (3, 3)
are called group-theoretical. They are indexed by all normal subgroups of Z∗n2 for some
n ∈ N∪{∞} which are invariant under a certain semigroup action and there are uncountably
many such categories, see [RW15].
• The categories of partitions C with ∈ C, ↑ ⊗ ↑ /∈ C and /∈ C are exactly those
generated by the element
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πk =
. . . . . . . . . . . .
1′ k′ 2k′ 3k′ 4k′
for some k ∈ N and 〈πk | k ∈ N〉, see [RW16].
These cases are pairwise distinct except that 〈π1〉 = 〈 〉 = NCeven and the categories
P, Peven , 〈 , ↑ ⊗ ↑, 〉, 〈 , 〉, 〈 , , hs〉, s ∈ N,
are also group-theoretical.
Remark 2.3. Note that the only categories of partitions C with ↑ ∈ C are
P,NC, 〈 , ↑〉, 〈↑〉.
Proof. It follows from the classification that any category of partitions C which is not one of these
four is generated by partitions whose sum of upper and lower points is even. It follows that the
sum of upper and lower points is even for any partition in C and hence ↑ /∈ C. 
2.2. Interpolating partition categories. We refer for instance to [Eti+15] and [NT13] for the
terminology in the following subsection. The following natural definition may be deduced from
Banica–Speicher’s definition of easy quantum groups in [BS09]. It may also be found in [Fre17].
Definition 2.4 (Interpolating partition categories). For any category of partitions C and t ∈ C the
category Rep
0
(C, t) has:
Objects: [k], k ∈ N0,
Morphisms: Hom([k], [l]) = CC(k, l),
Composition: ◦ : Hom([l], [m])×Hom([k], [l])→ Hom([k], [m])
with q ◦ p = tl(q,p) qp for all p ∈ C(k, l), q ∈ C(l,m)
The interpolating partition category Rep(C, t) is the Karoubi envelope or (pseudo-abelian comple-
tion) of Rep
0
(C, t), that is, the idempotent completion of the additive completion.
Example 2.5. By definition, Rep(P2, t) = Rep(Ot), the category interpolating the representation
categories of the orthogonal groups Rep(On) introduced by Deligne in 1990 [Del90] and Rep(P, t) =
Rep(St), the category interpolating the representation categories of the symmetric groups Rep(Sn)
introduced by Deligne in 2007 [Del07].
The tensor product of partitions turns Rep(C, t) into a (strict) monoidal category with unit ob-
ject 1 = [0]. Moreover, we can define duals in Rep(C, t) as follows. Any object is self-dual, i.e. for
any k ∈ N0 the dual object of [k] is given by [k]∨ := [k], and the (co)evaluation maps are
evk : [k]
∨ ⊗ [k]→ 1 given by
evk = ∈ P (2k, 0),
. . . . . .
coevk : 1→ [k]∨ ⊗ [k] given by
coevk = ∈ P (0, 2k).. . . . . .
The categorical left and right trace, induced by the dual structure, coincide and are given by
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tr(p) = evk ◦ (p⊗ id[k]) ◦ coevk = p ∈ End([0]) ∼= C
for any p ∈ C(k, k).
Hence Rep(C, t) is a pivotal category with coinciding left and right traces. Note that we defined
the evaluation and coevaluation maps slightly differently than Deligne, insofar as the i-th point is
paired with the (2k + 1− i)-th point, not with the k + i-th point in the above diagrams.
2.3. Interpolating partition categories and easy quantum groups. Categories of partitions
have initially been introduced by Banica and Speicher to define easy quantum groups. In this
subsection, we recall their definition and explain how interpolating partition categories interpolate
the representation categories of the corresponding easy quantum groups. For the rest of this article,
however, we will only work with the interpolating partition categories themselves and no knowledge
of easy quantum groups is required.
Let us start by briefly recalling the theory of compact matrix quantum groups. A compact
matrix quantum group is a triple G = (A, u, n) of a C*-algebra A, a matrix u ∈ An×n and an
integer n ∈ N0 such that the elements {uij | 1 ≤ i, j ≤ n} generate A, the matrix u = (uij) is
unitary and its transpose is invertible and the map ∆ : A → A ⊗ A, uij 7→
∑n
k=1 uik ⊗ ukj is a
*-homomorphism, see [Wor87]. A finite-dimensional (co)representation of G is a matrix v ∈ Am×m
with ∆(vij) =
∑m
k=1 vik ⊗ vkj . A morphism between two (co)representations v ∈ Am×m and
v′ ∈ Am′×m′ is a linear map T : (Cn)⊗m → (Cn)⊗m′ with Tv = v′T . In particular, the matrix
u ∈ An×n is representation of G, called fundamental (co)representation.
In 1988, Woronowicz proved a Tannaka-Krein type result [Wor88] for CMQGs showing that any
compact matrix quantum group G is uniquely determined by its representation category Rep(G),
i.e. the category of finite-dimensional, unitary (co)representation, (for more details see for instance
[Web17, 4]). In 2009, Banica and Speicher [BS09] defined for any category of partitions C and
n ∈ N0 a functor into the category of finite-dimensional Hilbert spaces
F : Rep(C, n)→ Hilbf with
F([k]) = (Cn)⊗k for any k ∈ N0 and
F(p) ∈ Hom((Cn)⊗k, (Cn)⊗l) for any p ∈ C(k, l)
such that the image of F is equivalent to the representation category of some compact matrix
quantum group Gn(C). These quantum groups are called (orthogonal) easy quantum group, i.e.
a compact matrix quantum groups G = (A, u, n) is an (orthogonal) easy quantum group if there
exists a category of partitions C such that HomRep(G)(u⊗k, u⊗l) = spanC{F(p) | p ∈ C(k, l)}.
Example 2.6. The easy quantum group Gn(P ) is the triple (C(Sn), u, n) where C(Sn) is the set of
complex-valued continuous functions over the symmetric group Sn (regarded as a matrix group) and
u is the matrix of coordinate functions. Similarly, Gn(Peven) corresponds to the hyperoctahedral
group Hn = S2 ≀ Sn and Gn(P2) corresponds to the orthogonal group On. This fits together with
Example 2.5 and based on that notation we denote Rep(Ht) := Rep(Peven, t).
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The easy quantum groups S+n = Gn(NC), H
+
n = Gn(NCeven) andO
+
n = Gn(NC2) are called free
symmetric quantum group, free hyperoctahedral quantum group and
free orthogonal quantum group, respectively, and we denote Rep(S+t ) := Rep(NC, t),
Rep(H+t ) := Rep(NCeven, t) and Rep(O
+
t ) := Rep(NC2, t).
The definition of easy quantum groups implies that, for any category of partitions C the canonical
functor Rep(C, n)→ Rep(Gn(C)) is surjective on objects and morphisms (for C = P compare with
[CO11, Prop. 3.19.]). In the following section we will discuss that Rep(Gn(C)) is even equivalent to
the unique semisimple quotient of Rep(C, n).
Lemma 2.7. Let C be a category of partitions, n ∈ N0 and consider the easy quantum group
Gn(C) = (A, u, n). Then the functor
G : Rep(C, n)→ Rep(Gn(C)), [k] 7→ u⊗k, p 7→ F(p)
is full and essentially surjective.
3. Semisimplicity for interpolating partition categories
In this section we analyse the categories Rep(C, t) with respect to semisimplicity. We will consider
the categories from Example 2.6 on a case-by-case basis, before following a generic approach due to
Knop to analyse Rep(C, t) for all group-theoretical categories of partitions C. In both cases we use
a reduction argument which shows that it suffices to check whether certain determinants vanish.
We will start by explaining this reduction argument.
By construction, the category Rep(C, t) is Karoubian (i.e., pseudo-abelian), but in general, it is
not abelian. However, we can construct a unique semisimple (and hence, abelian) quotient category
from it, the semisimplification ̂Rep(C, t). Let us recall some definitions and general results on this
idea, for more details see [EO18].
Definition 3.1. Let R be a k-linear pivotal category over a field k with coinciding left and right
traces. A morphism f : X → Y in R is called negligible if tr(f ◦g) = 0 for all morphisms g : Y → X
in R. We denote by N the set of all negligible morphisms in R.
Remark 3.2. The set of all negligible morphisms N is a tensor ideal and the quotient category R/N
is again a spherical category with tr(f +N ) = tr(f) for any endomorphism f in R.
Lemma 3.3 ([EO18, Thm. 2.6.]). Let k be an algebraically closed field. Let R be a k-linear
Karoubian pivotal category with coinciding left and right traces such that all morphism spaces are
finite-dimensional and the trace of any nilpotent endomorphism is zero.
Then the quotient category
R̂ := R/N
is a semisimple category, the semisimplification of R, whose simple objects correspond to the inde-
composable objects of R of non-zero dimension.
To use this result for interpolation categories Rep(C, t), we observe:
Lemma 3.4. For any category of partitions C and t ∈ C, the trace of any nilpotent endomorphism
in Rep(C, t) is zero.
Proof. Let f be a nilpotent endomorphism in Rep(C, t). Then f is also a nilpotent endomorphism in
Rep(P, t). By [CO11, Th. 3.24., Cor. 5.23.] ̂Rep(P, t) = Rep(P, t)/N is a semisimple category. Since
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the trace of any nilpotent endomorphism in a semisimple category is zero, we have trRep(C,t)(f) =
trRep(P,t)(f) = tr ̂Rep(P,t)(f +N ) = 0. 
Combining the previous two lemmas, we obtain:
Lemma 3.5. Let C be a category of partitions and t ∈ C. The category Rep(C, t) is semisimple if
and only if all negligible morphisms are trivial.
For any category of partitions C, the semisimple quotient categories ̂Rep(C, t), t ∈ C interpolate
the representation categories of the corresponding easy quantum groups Rep(Gn(C)), n ∈ N0, in
the following sense (for C = P compare with [Del07, Thm. 6.2.], for C = P2 compare with [Del07,
Thm. 9.6.]):
Proposition 3.6. Let C be a category of partitions, n ∈ N0 and let G : Rep(C, n) → Rep(Gn(C))
be the canocical functor described in Lemma 2.7. Then the induced functor
Ĝ : ̂Rep(C, n)→ Rep(Gn(C))
is an equivalence of categories.
Proof. Since Rep(Gn(C)) is semisimple, all negligible morphisms are trivial. As the image of a
morphism f under a full tensor functor is negligible if and only if f is negligible, the functor Ĝ is
faithful. Together with Lemma 2.7 we conclude that Ĝ is an equivalence of categories. 
This abstract argument can be made practical by realising that the existence of negligible endo-
morphisms is detected by the determinants of certain Gram matrices.
Definition 3.7 ([BC07, Def. 4.2.]). For any category of partitions C, we introduce the short-hand
notation C(k) = C(0, k), denoting the partitions in C with no upper points. The Gram matrices are
given by
G(k) := (tl(p
∗,q))p,q∈C(k) for all k ∈ N0.
Notice that the entries of the Gram matrix are just the traces of the compositions p∗q.
Example 3.8. The following table features the entries of the Gram matrix G(1) for Rep(St):
id1
id1 t t
t t2
Its determinant is t2(t− 1).
Note that the Gram matrices explained here differ from those computed in [CO11, Ex. 3.14.],
which use the “usual” trace form in the finite-dimensional endomorphism algebras.
Proposition 3.9. Let t ∈ C and let C be a category of partitions. Then Rep(C, t) is semisimple if
and only if it satisfies det(G(k)) 6= 0 for all k ∈ N.
Proof. By Lemma 3.5, Rep(C, t) is semisimple if and only if it does not contain any non-trivial
negligible morphisms. Now Rep(C, t) is constructed as a Karoubi envelope, that is, an idempotent
completion of an additive completion, but we claim that negligibility can be traced back to the
original category, Rep
0
(C, t) in this case. First, as any negligible morphism of a direct summand
extends trivially to a negligible morphism of the full object, we only have to worry about the
additive completion. We can think of its morphisms as matrices whose entries are morphisms in
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the original category. One sees that, for such a matrix to be a negligible morphism, all of its entries
have to be negligible. Hence, Rep(C, t) is semisimple if and only if there are no non-trivial negligible
morphism f ∈ Hom([k], [l]) for all k, l ∈ N0.
Comparing diagrams we see that this is equivalent to it having no non-trivial negligible morphism
f ∈ Hom([0], [k]) for all k ∈ N0. Hence, Rep(C, t) is semisimple if and only if the form
Hom([0], [k])×Hom([0], [k])→ C, (p, q) 7→ tl(q∗,p)
is non-degenerate. The Gram matrix of this form is exactly G(k), and hence, the form is non-
degenerate if and only if G(k) has a trivial kernel. Thus the claim follows (note that det(G(0)) =
1). 
Corollary 3.10. For any category of partitions C and any transcendental t ∈ C, Rep(C, t) is
semisimple.
Proof. The determinant of the Gram matrix det(G(k)) depends on t polynomially for any k ∈ N. 
Let us contrast this with the case t = 0.
Lemma 3.11. For any category of partitions C, ̂Rep(C, 0) is equivalent to the category of complex
vector spaces.
Proof. The morphism space Hom([k], [l]) in Rep(C, 0) consists of negligible morphisms if k > 0 or
l > 0, while the non-zero endomorphism id0 of the object [0] is not negligible. 
Deligne showed that Rep(St) is semisimple if and only if t /∈ N0, see [Del07, Thm. 2.18.]. We will
show that this is also the case for all group-theoretical categories of partitions, including Rep(Ht).
Let us first recall some known examples.
Remark 3.12. The category Rep(O+t ) is exactly the (Karoubian version of) the Temperley–Lieb
category TL(q) with t = q + q−1. It is well-known to be semisimple if and only if q is not a 2l-th
root of unity, i.e. q /∈ {e jpil | l ∈ N≥2, j ∈ {1, . . . , l − 1}} (for instance, this follows from results in
[GW02]). This implies that the category Rep(O+t ) is semisimple if and only if
t /∈ {2 · cos
(
jπ
l
)
| l ∈ N≥2, j ∈ {1, . . . , l − 1}}.
Proposition 3.13. The category Rep(S+t ) is semisimple if and only if
t /∈ {4 · cos
(
jπ
l
)2
| l ∈ N≥2, j ∈ {1, . . . , l − 1}}.
Proof. By [Tut93] or [Jun19, Prop. 5.37.], the determinants described in Proposition 3.9 are non-
zero if and only if t is of the asserted form. This implies the assertion with Proposition 3.9. 
Proposition 3.14. The category Rep(H+t ) is semisimple if and only if
t /∈ {4 · cos
(
jπ
l
)2
| l ∈ N≥2, j ∈ {1, . . . , l − 1}}.
Proof. By [Ahm16], the determinants described in Proposition 3.9 are non-zero if and only if t is
of the asserted form. This implies the assertion with Proposition 3.9. 
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3.1. Semisimplicity in the group-theoretical case. In this section we show our first main
theorem, namely that any category Rep(C, t) associated to a group-theoretical category of partitions
C is semisimple if and only if t /∈ N0. In 2007, Knop [Kno07] studied tensor envelopes of regular
categories and Deligne’s category Rep(St) is a special case in his setting. Using the semilattice
structure of subobjects, he gives a criterion for semisimplicity for most of the tensor categories
he is considering, including Rep(St). We will mimic his proof by studying it in the special case of
Rep(St), and then generalising it to all categories Rep(C, t) associated to group-theoretical categories
of partitions.
The key observation which allows us to use Knop’s idea is the following. If we consider Knop’s
work in the special case of Rep(St), the semilattice of subobjects of [k] corresponds to the meet-
semilattice on partitions of k points given by the refinement order. It is well-known that the
(reversed) refinement order induces a lattice structure on partitions on k points or non-crossing
partitions on k points, see for instance [NS06]. In the following, we will use that group-theoretical
categories of partitions are closed under common coarsening of partitions, the meet with respect to
the refinement order, and hence we also obtain a semilattice structure.
Let us start by briefly recalling some basics on partially ordered sets and semilattices, see [NS06,
Ch. 9] and [Kno07, Ch. 7].
Definition 3.15 ([NS06, Def. 9.15.]). Let (L,≤) be a finite partially ordered set (poset). For two
elements u, v ∈ L we consider the set {w ∈ L | w ≤ u,w ≤ v}. If the maximum of this set exists,
it is called the meet of p and q and denoted by p ∧ q. If any two elements of L have a meet, then
(L,∧) is called the meet-semilattice of L.
Remark 3.16 ([NS06, Rem. 10.2.]). Let L be a finite poset and let L = {u1, . . . , u|L|} be a listing.
We consider the |L| × |L|-matrix M with
Mij =
{
1 if ui ≤ uj ,
0 otherwise.
Then M is invertible over Z|L|×|L| and the function
µ : L× L→ Z, (ui, uj) 7→ (M−1)ij
is independent of the choice of the listing.
Definition 3.17 ([NS06, Def. 10.5.]). Let L be a finite poset. Then the above-noted function,
µ : L× L→ Z, is called the Mbius function of L.
As usually, we write u < v if u ≤ v and u 6= v for u, v ∈ L.
Lemma 3.18. Let L be a finite poset and let u, v ∈ L.
(i) Then µ(u, u) = 1.
(ii) If v covers u, i.e. u < v and there is no element w ∈ L with u < w < v, then µ(u, v) = −1.
Proof. We can choose a listing of L such that matrix M , which defines the Mbius function, is
unitriangular, see [NS06, Ex. 10.25]. Hence µ(u, u) = (M−1)uu = 1. If v covers u, we can
additionally assume that u and v appear one after the other in the listing of L. Then
N :=
(
Muu Mvu
Muv Mvv
)
=
(
1 0
1 1
)
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is a block on the diagonal of M . Since M is unitriangular, we have(
(M−1)uu (M
−1)vu
(M−1)uv (M
−1)vv
)
= N−1 =
(
1 0
−1 1
)
.
It follows that µ(u, v) = (M−1)uv = −1. 
The Mo¨bius function can be helpful for computing certain determinants derived from a meet-
semilattice:
Lemma 3.19 ([Kno07, Lem. 7.1.]). Let φ : L → C be a function on a finite poset L which is a
meet-semilattice. Then, with µ the Mo¨bius function of L,
det(φ(u ∧ v))u,v∈L) =
∏
x∈L
(∑
y∈L
y≤x
µ(y, x) · φ(y)
)
.
Now, we recall the definition of the refinement order on partitions and show that partitions of
k lower points in a group-theoretical category of partitions have a meet-semilattices with respect
to this partial order. Note that Nica and Speicher are considering the reversed refinement order in
[NS06]; however, to be consistent with the conventions in Knop’s article [Kno07], our definition is
dual to theirs.
Definition 3.20 ([NS06, Ch. 9]). Let k, l ≥ 0, and partitions p, q ∈ P (k, l) on k + l points. We
write p ≤ q if and only if each block of q is completely contained in one of the blocks of p. The
induced partial order is called the refinement order.
Note that p ≤ q, if p can be obtained by coarsening the block structure of q and we say that p is
coarser than q. Moreover, the meet p∧ q of p and q exists in P (k, l) and is the common coarsening,
i.e. the finest partition which is coarser than both p and q.
Lemma 3.21. Let C be a category of partitions. Then C is closed under common coarsenings if
and only if C is group-theoretical.
Proof. If C is closed under coarsening, then it contains , since this partition is a coarsening of
the partition , which is contained in any category of partitions. See [RW14, Lemma 2.3.] for
the opposite inclusion. 
Lemma 3.22. Let C be a group-theoretical category of partitions C and k ∈ N0. Then the poset
C(k) = C(0, k) has a meet-semilattice with respect to the refinement order.
This allows us to give a condition for the semisimplicity of Rep(C, t), see [Kno07, Lemma 8.2.].
Lemma 3.23. Let C be an group-theoretical category of partitions. Then Rep(C, t) is semisimple
if and only
Ωk :=
∏
p∈C(k)
( ∑
q∈C(k)
q≤p
µC(q, p) · t#q
)
6= 0 for all k ∈ N.
Proof. By Proposition 3.9, Rep(C, t) is semisimple if and only of the matrices
G(k) = (tl(u
∗,v))u,v∈C(k)
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have non-zero determinants for all k ∈ N. We define the map φ : C(k) → C, p 7→ t#p and since
#(u ∧ v) = l(u∗, v) for all u, v ∈ C(k), Lemma 3.19 implies that
det(G(k)) = det(φ(u ∧ v))u,v∈C(k))
=
∏
p∈C(k)
( ∑
q∈C(k)
q≤p
µC(q, p) · φ(q)
)
=
∏
p∈C(k)
( ∑
q∈C(k)
q≤p
µC(q, p) · t#q
)
= Ωk

To compute the above-noted determinant, we will further factorise it. For this purpose we recall
a definition of Knop’s in the special case of Rep(St). For any k ∈ N we set k := {1, . . . , k} and
denote by sk ∈ P (k) the finest partition in P (k), where each block is of size one. Moreover, we set
0 := ∅ and s0 := id0 ∈ P (0).
Definition 3.24 (See [Kno07, 8]). Let k, l ∈ N0 with k ≤ l and let e : k →֒ l be an injective map.
We define two maps
e∗ : P (l)→ P (k) and e∗ : P (k)→ P (l)
as follows. For any p ∈ P (l) we label the points from the left to the right by l. Then we define
e∗(p) ∈ P (k) as the restriction of p to the points in e(k). For any q ∈ P (k) we define e∗(q) ∈ P (l)
as the partition with e∗(e
∗(q)) = q such that all points in l\e(k) are singletons.
Moreover, we define a scalar
we :=
∑
q∈P (l)
e∗(q)=sk
µP (q, sl) · t#q−k ∈ C.
Note that the sum runs over all partitions in P (l) and, hence, we is independent of the group-
theoretical category of partitions we are considering. Before we go on, we consider this definition
in two special cases.
Remark 3.25. We consider the case k = 0 and l ∈ N0. Then there is just one map e : 0 → l, since
0 = ∅. Moreover, the set P (0) consists of only one partition s0 = id0 and #s0 = 0. Thus it follows
from the definition that
e∗ : P (l)→ P (0), p 7→ s0,
e∗ : P (0)→ P (l), s0 7→ sl,
we =
∑
q∈P (l)
µP (q, sl) · t#q.
Lemma 3.26. Let l ∈ N0 and let e : l → l be a bijection. Then we = 1.
Proof. It follows from the definition that e∗ = e
∗ = idP (l) and hence the only partition q ∈ P (l)
with e∗(q) = sl is the partition sl itself. Hence, we have
we =
∑
q∈P (l)
e∗(q)=sl
µP (q, sl) · t#q−l = µP (sl, sl) · tl−l = 1.
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
Lemma 3.27. Let C be an group-theoretical category of partitions. Then
Ωk =
∏
p∈C(k)
w∅→֒#p for all k ∈ N.
Proof. Let p ∈ C(k). Since C is a group-theoretical category of partitions, any coarsening of p lies
again in C. Thus there is a natural bijection
f : C≤p := {q ∈ C(k) | q ≤ p} → P (#p)
mapping a coarsening of p to the partition indicating the fusion of the blocks of p. It is easy to
check that
• µC(q, q′) = µP (f(q), f(q′)) for all q, q′ ∈ C≤p,
• #q = #(f(q)) for all q ∈ C≤p and
• f(p) = s#p.
Together with Remark 3.25 it follows that
Ωk =
∏
p∈C(k)
( ∑
q∈C(k)
q≤p
µC(q, p) · t#q
)
=
∏
p∈C(k)
( ∑
q∈P (#p)
µP (q, s#p) · t#q
)
=
∏
p∈C(k)
w∅→֒#p

Thus Lemma 3.23 and Lemma 3.27 imply the following corollary.
Lemma 3.28. Let C be an group-theoretical category of partitions. Then Rep(C, t) is semisimple
if and only if w∅→֒#p 6= 0 for all k ∈ N and p ∈ C(k).
In the following, we factorise the elements w∅→֒#p with p ∈ C(k). As they are independent of C
we can apply [Kno07, Lemma 8.4.] in the special case of Rep(St), which shows that the elements
we are multiplicative.
Lemma 3.29 (See [Kno07, Lemma 8.4.]). Let k, l ∈ N0 with k ≤ l and let e : k →֒ l be an injective
map. Then the pair (e∗, e
∗) is a Galois connection between P (l) and P (k), i.e. e∗(p) ≤ q if and
only if p ≤ e∗(q) for all p ∈ P (l) and q ∈ P (k).
Proof. First, let e∗(p) ≤ q. We consider two points x, y ∈ l of e∗(q) which lie in the same block.
As all points in l\e(k) are singletons, we have x, y ∈ e(k). Thus e−1(x) and e−1(y) lie in the same
block of q and as e∗(p) ≤ q, they lie in the same block of e∗(p). It follows that x and y lie in the
same block of p and thus p ≤ e∗(q).
Let p ≤ e∗(q). We consider two points x, y ∈ k of q which lie in the same block. Thus e(x) and
e(y) lie in the same block of e∗(q) and as p ≤ e∗(q), they lie in the same block of p. It follows that
x and y lie in the same block of e∗(p) and thus e∗(p) ≤ q.

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In the following, let us extend the coarsening operation Z-linearly to Z-linear combinations of
partitions.
Lemma 3.30 (See [Kno07, Lemma 8.4.]). Let j, k, l ∈ N0 with j ≤ k ≤ l and let j e¯→֒ k e→֒ l be
injective maps. Then we have
wee¯ = wewe¯.
Proof. By [Kno07, Lemma 7.2.] we have∑
q∈P (l)
q≤p
µP (q, p)q =
( ∑
r∈P (k)
r≤e∗(p)
µP (r, e∗(p))e
∗(r)
)
∧
( ∑
s∈P (l)
s≤p
e∗(s)=e∗(p)
µP (s, p)s
)
for all p ∈ P (l). For p = sl we obtain∑
q∈P (l)
µP (q, sl)q =
( ∑
r∈P (k)
µP (r, sk)e
∗(r)
)
∧
( ∑
s∈P (l)
e∗(s)=sk
µP (s, sl)s
)
.
We define a C-linear map by the action on partitions as follows:
ϕ : CP (l)→ C, q 7→
{
t#q−j (ee¯)∗(q) = sj
0 otherwise
We apply ϕ on both sides of the equation and obtain∑
q∈P (l)
(ee¯)∗(q)=sj
µP (q, sl)t
#q−j =
∑
r∈P (k)
∑
s∈P (l)
e∗(s)=sk
µP (r, sk)µP (s, sl)ϕ(e
∗(r) ∧ s).
Thus to prove that wee¯ = wewe¯, we will show
ϕ(e∗(r) ∧ s) =
{
(t#r−j)(t#s−k) e¯∗(r) = sj
0 otherwise
for all r ∈ P (k), s ∈ P (l) with e∗(s) = sk. Since e∗(s) = sk implies that
(ee¯)∗(e
∗(r) ∧ s) = e¯∗(r ∧ e∗(s)) = e¯∗(r ∧ sk) = e¯∗(r),
we have (ee¯)∗(e
∗(r) ∧ s) = sj if and only if e¯∗(r) = sj . Since all parts of e∗(r) involving the points
l\e(k) are singletons and since e∗(s) = sk, the common coarsening e∗(r) ∧ s has exactly #r blocks
which are connected to a point in e(k) and #s − k blocks which are not connected to a point in
e(k). It follows that #(e∗(r) ∧ s) = #r +#s− k and hence
ϕ(e∗(r) ∧ s) = t#r+#s−k−j = (t#r−j)(t#s−k).

Let us illustrate the lemma above with an example.
Example 3.31. Let C be an group-theoretical category of partitions, m ∈ N and p ∈ C(m). We set
l = #p and consider an arbitrary injective map e : 1 →֒ #p. Then ∅ →֒ l decomposes into
∅ →֒ {1} e→֒ l.
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We have
w∅→֒{1} =
∑
q∈P (1)
µP (q, s1) · t#q = µP (s1, s1) · t1 = t
and we =
∑
q∈P (l)
e∗(q)=s1
µP (q, sl) · t#q−1 =
∑
q∈P (l)
µP (q, sl) · t#q−1
and hence
w∅→֒l =
∑
q∈P (l)
µP (q, sl) · t#q = w∅→֒{1} · we.
Now, we are ready to prove our first main theorem, see Theorem 1.1.
Theorem 3.32. Let C be a group-theoretical category of partitions. Then Rep(C, t) is semisimple
if and only t /∈ N0.
Proof. By Lemma 3.28, the category Rep(C, t) is semisimple if and only if w∅→֒#p 6= 0 for all m ∈ N,
p ∈ C(m). Hence Lemma 3.30 implies that Rep(C, t) is semisimple if and only if we 6= 0 for any
map e : k →֒ l, k, l ∈ N0, which does not have a factorisation e = e1e2 with e1, e2 injective and not
bijective maps, i.e. for all e : k →֒ k + 1, k ∈ N0.
Let us describe we for a given injective map e : k →֒ k + 1. Set l = k + 1. We can assume that
e(i) = i for any i ∈ k, since this can be achieved by post-composing with an isomorphism e′ : l → l
and we′ = 1 by Lemma 3.26. Thus {q ∈ P (l) | e∗(q) = sk} contains the partition sl ∈ P (l) and
X := {q ∈ P (l) | e∗(q) = sk}\{sl} contains exactly the k partitions where the l-th point is in a
block of size two and all other blocks have size one. It follows that
we = µP (sl, sl)t
l−k +
∑
q∈X
µP (q, sl)t
k−k.
Since sl covers every partition q ∈ X , we can apply Lemma 3.18 and conclude that
we = 1 · t1 +
∑
q∈X
(−1)t0 = t− k.
This proves our assertion that Rep(C, t) is semisimple if and only if t 6∈ N0. 
Together with Lemma 3.5, our previous result implies that there are negligible morphisms in
Rep(C, t) as soon as t ∈ N0. To better understand negligible morphisms, we discuss some examples.
Definition 3.33. For any group-theoretical category of partitions C, any k, l ∈ N0 and any partition
p ∈ C(k, l), we define recursively
xp := p−
∑
qp
xq ∈ HomRep(C,t)([k], [l]).
Remark 3.34. If t ∈ N0, then by [CO11, Rem. 3.22.], xp is negligible in Rep(St) if p is a partition
with more than t parts (and in fact, those span the ideals of negligible morphisms in Rep
0
(St)).
This implies that such xp are negligible in Rep(C, t) for any group-theoretical C. Subtracting such
negligible morphisms we can see that modulo the tensor ideal of negligible morphisms, any morphism
in Rep(C, t) is equivalent to a morphism which consists of partitions with at most t parts each.
Example 3.35. If t ∈ N0 and C is group-theoretical, then xidt+1 is a non-trivial negligible endomor-
phism in Rep(C, t).
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4. Indecomposable objects
In this section, we take a look at indecomposable objects in Rep(C, t) for any category of partitions
C. Notions like End and Hom are meant with respect to the category Rep(C, t). We prove a
classification result for indecomposable objects in Rep(C, t), Theorem 1.2 in Subsection 4.1, before
turning to the computation of concrete examples in Subsection 4.2–4.3.
4.1. Indecomposable objects in interpolating partition categories. Recall the following
definitions.
Definition 4.1. Let R be a ring. Two elements a, b ∈ R are said to be conjugate if there exists an
invertible element c ∈ R such that a = cbc−1.
An element e ∈ R is called idempotent if e2 = e. Two idempotents e1, e2 ∈ R are said to be
orthogonal, if e1e2 = e2e1 = 0. An idempotent e ∈ R is called primitive if it is non-zero and can
not be decomposed as a sum of two orthogonal non-zero idempotents.
For C = P , the following statements are discussed in [CO11, Prop. 2.20.]. They follow in our
more general situation from the fact that Rep(C, t) is a Karoubian category with finite-dimensional
endomorphism algebras.
For any object A ∈ Rep(C, t) and any idempotent e ∈ End(A) we denote the image of e by (A, e).
Lemma 4.2. Let C be a category of partitions and t ∈ C.
(i) Let k ∈ N0 and let e ∈ End([k]) be an idempotent. Then ([k], e) is indecomposable in
Rep(C, t) if and only if e is primitive.
(ii) For any two idempotents e, e′ ∈ End([k]) the objects ([k], e) and ([k], e′) are isomorphic if
and only if e and e′ are conjugate in End([k]).
(iii) For any indecomposable object X of Rep(C, t) there exist a k ∈ N0 and a primitive idempo-
tent e ∈ End([k]) such that X ∼= ([k], e).
(iv) (Krull–Schmidt property) Every object in Rep(C, t) is isomorphic to a direct sum of inde-
composable objects, and this decomposition is unique up to the order of the indecomposables.
Moreover, the following well-known lemma allows us to classify primitive idempotents inductively.
Definition 4.3. For any algebra B, we denote by Λ(B) the set conjugacy classes of primitive
idempotents of B.
Lemma 4.4 ([CO11, Lem. 3.3.]). Let A be a finite-dimensional C-algebra, ξ ∈ A an idempotent
and (ξ) = AξA the two-sided ideal of A generated by ξ. Then there is a bijective correspondence
Λ(A)
bij.←→ Λ(ξAξ) Λ(A/(ξ));
a primitive idempotent in A corresponds to a primitive idempotent in the subalgebra ξAξ as soon
as it lies in (ξ), otherwise, its image under the quotient map A→ A/(ξ) is a primitive idempotent
in A/(ξ), and for each primitive idempotent in A/(ξ), there is a unique lift (up to conjugation) in
A.
In the following, we provide a strategy which reduces the problem of classifying indecomposable
objects in Rep(C, t) to a classification of primitive idempotents in certain quotient algebras. We
start by constructing some isomorphisms that exist in any partition category C. For any such
category, we have the idempotents
ν0 = ν1 = 0, ν2 =
{
1
t t 6= 0
0 else
, νk := idk−3 ⊗ for all k ≥ 3
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in EndRep(C,t)([k]), k ∈ N0.
Lemma 4.5. Let C be a category of partitions and t ∈ C.
(i) For all k ∈ N, there is a bijection between the idempotents in End([k]) and idempotents in
νk+2End([k + 2])νk+2 which restricts to primitive idempotents, and corresponding idempo-
tents yield isomorphic subobjects of [k] and [k + 2], respectively.
(ii) If t 6= 0, then ([0], id0) ∼= ([2], 1t ) = ([2], ν2) and, hence, the statement of (i) is true for
all k ≥ 0.
(iii) If t = 0, then the only object that is isomorphic to X = ([0], id0) is X itself.
Proof. (i) We set
p = ∈ C(k, k + 2),. . .
k′
k
p′ = ∈ C(k + 2, k).. . .
k
k′
and define two C-linear maps by their action on partitions
ψ : End([k])→ νk+2End([k + 2])νk+2, q 7→ pqp′,
φ : νk+2End([k + 2])νk+2 → End([k]), q 7→ p′qp.
It can be checked that ψ and φ give mutually inverse linear maps between the algebras End([k])
and νk+2End([k + 2])νk+2 which preserve idempotents, since pp
′ = νk+2 and p
′p is the identity
morphisms in End([k]). Hence, they can be restricted to become bijections between the respective
sets of primitive idempotents.
Now for any idempotent e ∈ End([k]), the partitions (pep′)pe = pe and ep′(pep′) = ep′ define
mutually inverse isomorphisms between ([k], e) and ([k + 2], pep′).
Part (ii) is easy to check and (iii) follows from the fact that every composition ([0], id0) →
([l], e)→ ([0], id0) is a non-zero power of t, and hence zero, if l > 0. 
Now we are ready to classify indecomposable objects in Rep(C, t) up to isomorphism for any
category of partitions C with ↑ /∈ C. Note that the only categories of partitions with ↑ ∈ C are
{P,NC, 〈 , ↑〉, 〈↑〉}, see Remark 2.3. For all other categories of partitions, we record a useful
feature.
Lemma 4.6. If ↑ /∈ C, then Hom([k], [l]) = ∅ whenever k 6≡ l mod 2.
Proof. Assume that there exists a partition p ∈ C(k, l) with k 6≡ l mod 2. By successive composition
with ⊗ · · · ⊗ ⊗ and ⊗ · · · ⊗ ⊗ we would obtain the partition ↑ ∈ C(0, 1) or ↓ ∈ C(1, 0)
and hence ↑ ∈ C. 
Definition 4.7. Let us define
Λk := Λ(End([k])/(νk)),
the set of conjugacy classes of primitive idempotents in the quotient algebras defined by the idempo-
tents νk, k ∈ N0, and for any e ∈ Λk, we denote its unique (primitive idempotent) lift in Λ(End([k]))
by Le (see Lemma 4.4).
Note that Λ0 = {id0} and Λ1 =
{
{id1 − 1t , 1t } if ∈ C(1, 1) and t 6= 0,
{id1} else
.
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By Lemma 4.2 two idempotents e, e′ ∈ End([k]) are conjugated if and only if the objects ([k], e)
and ([k], e′) are isomorphic. For any conjugacy class c of idempotents in End([k]) we denote by
([k], c) the corresponding isomorphism class of objects in Rep(C, t). However, we sometimes identify
a primitive idempotent with its conjugacy class and an object with its isomorphism class.
We obtain our first general description of the indecomposable objects in interpolating partition
categories.
Proposition 4.8. Assume ↑ /∈ C. Then there is a bijection
φ :
⊔
k≥0
Λk →
{
isomorphism classes of non-zero
indecomposable objects in Rep(C, t)
}
,Λk ∋ e 7→ ([k], Le).
Proof. It suffices to show that φ restricts to bijections⊔
0≤l≤k
Λl →
{
isomorphism classes of non-zero
indecomposable subobjects of some [l] for l ≤ k
}
for each k ≥ 0. We prove this statement by induction in k. The claim is easy to check for k = 0, 1.
So we consider some k ≥ 2 and by induction we may assume that
X := {([l], Le) | l ∈ {0, . . . , k − 1}, e ∈ Λl}
is a complete set of non-isomorphic indecomposable subobjects of [l] for all l ≤ k − 1. Thus we
have to consider indecomposable subobjects of [k] and distinguish which of them are isomorphic to
objects in X and which are not. By Lemma 4.2 the set {([k], e) | e ∈ Λ(End([k]))} is a complete
set of non-isomorphic indecomposable subobjects of [k]. By Lemma 4.4 there exists a bijection
Λ(End([k]))
bij.←→ Λ(νkEnd([k])νk) ⊔ Λk.
We will show that all objects in {([k], e) | e ∈ Λ(νkEnd([k])νk)} are isomorphic to objects in X , but
none of the objects in {([k], Le) | e ∈ Λk} is. Then the assertion follows.
Let e ∈ Λ(νkEnd([k])νk). If t = 0 and k = 2, then Λ(νkEnd([k])νk) = Λ({0}) = ∅ and hence
we assume that this not the case. Then Lemma 4.5 tells us that ([k], e) is isomorphic to an
indecomposable subobjects of [k − 2], and thus to some object in X .
Now, let e ∈ Λk. We have to show that ([k], e) is isomorphic to none of the objects in X . By
Lemma 4.6, ([k], e) can not be isomorphic to any ([l], f) ∈ X with k 6≡ l mod 2. So we consider
indecomposables of the form ([l], f) with l ≤ k−1 and k ≡ l mod 2. If t = 0 and l = 0, then ([l], f)
cannot be isomorphic to ([k], e) by Lemma 4.5(iii) and we assume that this not the case. Then an
iterative application of Lemma 4.5 implies that there exists an idempotent f ′ ∈ νkEnd([k])νk with
([l], f) ∼= ([k], f ′). But since Λ(νkEnd([k])νk) and Λk are disjoint, the idempotents f ′ and e cannot
be conjugate. Hence ([l], f) is not isomorphic to ([k], e). 
Remark 4.9. Proposition 4.8 and the auxiliary results used in the proof imply that if ↑ 6∈ C, then
any object X in Rep(C, t) is a subobject of [k]⊕ [k+1] for some sufficiently large k. As there are no
non-zero morphisms between [k] and [k + 1], the endomorphism algebra of X is a direct summand
in End([k]⊕ [k+1]), so in particular, End(X) is semisimple if End([k]) is semisimple for any k ≥ 0,
which can be checked by verifying that G(2k) 6= 0 for all k ≥ 0 (see the proof of Proposition 3.9).
This refinement of Proposition 3.9 can also be obtained for Rep(St), even though ↑ is present there,
because in this case, every object is a subobject already of [k] for some sufficiently large k (see
[CO11, Pf. of. Lem. 3.6]).
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4.2. Indecomposable objects in Rep(St), Rep(Ot) and Rep(O
+
t
). Comes and Ostrik ex-
tended the description of irreducible representations of the symmetric groups Sn, n ∈ N, by Young
diagrams to a correspondence of the indecomposable objects in Rep(St), t ∈ C, and Young diagrams
of arbitrary size ([CO11], see also Halverson and Ram’s survey on partition algebras [HR05]).
Proposition 4.10 ([CO11, Thm. 3.7.]). For any t ∈ C there exists a bijection
φ :
{
Young diagrams λ
of arbitrary size
}
→
{
isomorphism classes of non-zero
indecomposable objects in Rep(St)
}
.
In 2017, Comes and Heidersdorf showed that the indecomposable objects in Rep(Ot) up to
isomorphism also correspond to Young diagrams of arbitrary size (see also Wenzl’s original article
on the Brauer algebras [Wen88]).
Proposition 4.11 ([CH17, Thm. 3.5.]). For any t ∈ C there exists a bijection
φ :
{
Young diagrams λ
of arbitrary size
}
→
{
isomorphism classes of non-zero
indecomposable objects in Rep(Ot)
}
.
The indecomposable objects of the Temperley–Lieb category (introduced in [GL98]) Rep(O+t ) =
Rep(NC2, t) have been studied in various settings and can be described using Jones–Wenzl idem-
potents, discovered by Jones [Jon83]. The following inductive definition is due to Wenzl [Wen87].
Set
S := {2 · cos
(
jπ
l
)
| l ∈ N≥2, j ∈ {1, . . . , l− 1}},
then for any t /∈ S and any k ∈ N0 the Jones–Wenzl idempotent ek ∈ EndRep(O+t )([k]) is recursively
defined via:
e0 = id0, e1 = id1,
ek =
· · ·
ek−1
· · ·
− ak
· · ·
ek−1
· · ·
ek−1
· · ·
∈ NC2(k, k).
with a1 = 0 and ak = (t− ak−1)−1 for all k ≥ 2.
Example 4.12. For instance, e2 = − 1t .
Using Proposition 4.8, we recover a known result about the Temperley–Lieb categories.
Proposition 4.13. For any t ∈ C\{0} the non-zero indecomposable objects in Rep(O+t ) up to
isomorphism are indexed by the non-negative integers N0. If t /∈ S then
φ : N0 →
{
isomorphism classes of non-zero
indecomposable objects in Rep(O+t )
}
, k 7→ ([k], ek)
is a bijection.
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Proof. We claim that End([k])/(νk) is one-dimensional, so by Proposition 4.8, Λk has exactly one
element for each k ≥ 0. For k = 0, 1, already End([k]) is one-dimensional and νk = 0. For k ≥ 2,
we recall that the elements
ui := idi ⊗ ⊗ idk−2−i for 0 ≤ i ≤ k − 2
generate the Temperley–Lieb algebra End([k]). As we assume t 6= 0, νk = 1tu0 if k = 2. If k ≥ 2,
we can compose νk with suitable tensor products of id1, , and , to obtain all ui. So the
ideal (νk) contains u0, . . . , uk−2. On the other hand, idk 6∈ (νk), since any element in the ideal will
have upper points which are not connected to lower points. Thus, End([k])/(νk) is one-dimensional
for all k ≥ 0, as desired.
Now if t /∈ S, the Jones–Wenzl idempotents are indeed lifts of the unique primitive idempotent
in End([k])/(νk): the recursive definition implies that the identity partition appears with coefficient
1, so the image of any Jones–Wenzl idempotent modulo (νk) is not zero. 
Remark 4.14. If t ∈ S, then only finitely many Jones–Wenzl idempotents are defined, and the last
one of them generates the negligible morphisms in Rep
0
(NC2, t) (see [GW02]). Out of the infinitely
many indecomposables in Rep(O+t ), only finitely many are not isomorphic to the zero object in the
semisimplification of Rep(O+t ), the category obtained as a quotient by the tensor ideal of negligible
morphisms; they correspond to the finitely many Jones–Wenzl idempotents, expect the last one
(see, for instance, [Che14]).
4.3. Indecomposable objects in Rep(S+
t
). Let us recall that Rep(S+t ) = Rep(NC, t). Even
though this is probably known to experts as the ’fattening’ procedure, we give a proof that Rep(S+t2)
is equivalent to a full subcategory of Rep(O+t ) for any t ∈ C\{0}. Using this, we can specify the
indecomposable objects in Rep(S+t ).
Definition 4.15. Let t ∈ C. We denote by D(t) the full subcategory of Rep(O+t ) with objects
{(A, e) ∈ Rep(O+t ) | A =
l⊕
i=1
[ki], ki ∈ N0 even, for any 1 ≤ i ≤ l}.
Note that D(t) is the Karoubi envelope of the full subcategory of Rep
0
(O+t ) with objects {[k] |
k ∈ N0 even}.
Definition 4.16 ([NS06, Ex. 9.42.]). Let k, l ∈ N. To any partition p ∈ NC2(2k, 2l) we associate a
partition p̂ ∈ NC(k, l) as follows. For any odd upper point m ∈ {1, 3, . . . , 2k − 1}, we insert a new
point to the right of m. Similarly, for any odd lower point m′ ∈ {1′, 3′, . . . , (2k − 1)′}, we insert a
new point on the right of m′. Then p̂ ∈ NC(k, l) is the coarsest partition on all new points such
that no strings of the nested partitions cross. Note that this definition is independent of the choice
of the occurring diagrams. Moreover, we set îd0 = id0.
Example 4.17. The following diagram shows that, for p = , we have p̂ = :
It is well-known that the map NC2(2k, 2l) → NC(k, l), p 7→ p̂, called fattening operation, is a
bijection, see [NS06, Ex. 9.42.]. We will now show that, together with a suitable scaling, this map
induces an equivalence of monoidal categories between D(t) and Rep(S+t2).
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Definition 4.18. Let t ∈ C\{0} and let √t ∈ C be any square root of t. We denote the trace in
Rep(O+t ) and Rep(S
+
t2) by tr and tr2, respectively. We set
G([2k]) := [k], G(p) := a(p)p̂ ∈ NC(k, l) for all k, l ∈ N0, p ∈ NC2(2k, 2l),
where
p′ :=
{
p⊗ ⊗ · · · ⊗ ∈ NC2(2l, 2l) l ≥ k
p⊗ ⊗ · · · ⊗ ∈ NC2(2k, 2k) k ≥ l
,
a(p) :=
(√
t
)|k−l| tr(p′)
tr2(p̂′)
.
Lemma 4.19. We make the same assumptions as in the above lemma and let p ∈ NC2(2k, 2l).
(i) We have a(p) =
(√
t
)k−l
a(p′).
(ii) We have a(p⊗ id2m) = a(p) for all m ∈ N0.
(iii) If k = l, then a(p⊗ r) = 1ty a(p) with r = ⊗ · · · ⊗ ∈ P (2y, 2y) for all y ∈ N0.
Proof. (i) The claim follows directly from the definition of G, since a(p′) = tr(p′)
tr2(p̂′)
.
(ii) Let q = p⊗ id2m. If k = l, then we have q̂ = p̂⊗ id2 and hence
a(q) =
tr(q)
tr2(q̂)
=
tr(p) · t2m
tr2(p̂) · (t2)m = a(p).
Now, let k > l. The case k < l follows analogously. Without loss of generality we assume
that m = 2. By (i) we have to show that a(q′) = a(p′). We have
tr(q′) = tr( ) = tr(p′).p
. . .
Analogously one can check that tr2(q̂′) = tr2(p̂′) and hence
a(q′) =
tr(q′)
tr2(q̂′)
=
tr(q′)
tr2(q̂′)
a(p′).
(iii) Since k = l, we have p̂⊗ r = p̂⊗ r̂ and r̂ = ⊗ · · · ⊗ ∈ P (y, y). It follows that
a(p⊗ r) = tr(p⊗ r)
tr2(p̂⊗ r)
=
tr(p) · ty
tr2(p̂) · (t2)y =
1
ty
a(p).

Lemma 4.20. G defines an equivalence of monoidal categories D(t)→ Rep(S+t2) for all t ∈ C\{0}.
Proof. It suffices to show that G is a monoidal functor since G is full, faithful and essentially
surjective, as p 7→ p̂ is a bijection.
Step 1: We start by showing that G(q ◦ p) = G(q) ◦ G(p) for all p ∈ NC2(2k, 2l) and q ∈
NC2(2l, 2m). Comparing diagrams one can check that q̂p = q̂p̂. Together with
G(q ◦ p) = tl(q,p)G(qp) = tl(q,p)a(qp)q̂p,
G(q) ◦ G(p) = a(p)q(p)(q̂ ◦ p̂) = a(p)q(p)(t2)l(q̂,p̂)(q̂p̂),
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it follows that it suffices to show that tl(q,p)a(qp) = (t2)l(q̂,p̂)a(p)a(q).
Step 1.1: Kodiyalam and Sunder showed that for any n ∈ N0 the map
EndRep(O+t )
([2n])→ EndRep(S+
t2
)([n]), p 7→ G(p)
is an algebra isomorphism (see [KS08, Thm. 4.2.]). Hence the claim follows for k = l = m.
Step 1.2: For arbitrary k, l,m ∈ N0 we set x := max(k, l,m) and extend p and q to partitions
in P (x, x) as follows:
p¯ := p⊗ ⊗ · · · ⊗ ⊗ ⊗ · · · ⊗ ∈ P (x, x),
q¯ := q ⊗ ⊗ · · · ⊗ ⊗ ⊗ · · · ⊗ ∈ P (x, x).
Step 1.1 implies that
tl(q¯,p¯)a(q¯p¯) = (t2)l(
̂¯p,̂¯q) a(q¯)a(p¯)
Moreover, by construction we have
tl(q¯,p¯) = tl(q,p)tx−l
(t2)l(
̂¯p,̂¯q) = (t2)l(p̂,q̂)(t2)x−l.
and thus
tl(q,p)a(q¯p¯) = tx−l(t2)l(p̂,q̂) a(q¯)a(p¯). (1)
Step 1.3: We claim that
a(p) =
(√
t
)x−k (√
t
)x−l
a(p¯), (2)
a(q) =
(√
t
)x−l (√
t
)x−m
a(q¯), (3)
a(qp) =
(√
t
)x−k (√
t
)x−m
a(q¯p¯). (4)
We prove the first equation since the others follow analogously. If x ∈ {k, l}, then we have p¯ = p′
and hence Lemma 4.19(i) implies a(p) =
(√
t
)|k−l|
a(p′) =
(√
t
)x−k (√
t
)x−l
a(p¯).
If x = m, then we have p¯ = p′ ⊗ r with r = ⊗ · · · ⊗ ∈ P (2y, 2y). Lemma 4.19(iii) implies
that a(p′) = tya(p¯) and together with Lemma 4.19(i) it follows that a(p) =
(√
t
)|k−l|
a(p′) =(√
t
)|k−l|
tya(p¯) =
(√
t
)x−k (√
t
)x−l
a(p¯).
Step 1.4: We are ready to show that tl(q,p)a(qp) = (t2)l(q̂,p̂)a(p)a(q). We have
tl(q,p)a(qp)
(4)
=
(√
t
)x−k (√
t
)x−m
tl(q,p) a(q¯p¯)
(1)
=
(√
t
)x−k (√
t
)x−m
tx−l (t2)l(p̂,q̂) a(q¯)a(p¯)
= (t2)l(p̂,q̂)
((√
t
)x−l (√
t
)x−m
a(q¯)
)((√
t
)x−k (√
t
)x−l
a(p¯)
)
(2),(3)
= (t2)l(p̂,q̂)a(q)a(p).
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Step 2: It remains to show that G(p⊗q) = G(p)⊗G(q) for all p ∈ NC2(2k, 2l), q ∈ NC2(2m, 2n).
Again by comparing diagrams one can check that p̂⊗ q = p̂ ⊗ q̂ and thus we have to show that
a(p⊗ q) = a(p)a(q). By Step 1 we have
a(p⊗ q)
= a((id2l ⊗ q)(p⊗ id2m))
= a(id2l ⊗ q)a(p⊗ id2m).
and since a(id2l ⊗ q) = a(q) and a(p⊗ id2m) = a(p) by Lemma 4.19(ii), the claim follows. 
Since there are no morphisms in Rep(O+t ) between subobjects of [k1] with k1 even and subobjects
of [k2] with k2 odd, Proposition 4.13 and Lemma 4.20 imply the following:
Proposition 4.21. For any t ∈ C, the non-zero indecomposable objects in Rep(S+t ) up to isomor-
phism are indexed by the non-negative integers N0.
If t /∈ {0} ∪ {4 · cos ( jπl )2 | l ∈ N≥2, j ∈ {1, . . . , l − 1}} then
φ : N0 →
{
isomorphism classes of non-zero
indecomposable objects in Rep(S+t )
}
, k 7→ ([k],G(e2k))
is a bijection.
5. Indecomposable objects and projective partitions
5.1. Projective partitions. Proposition 4.8 reduces the problem of classifying indecomposable
objects in Rep(C, t) to a classification of primitive idempotents in certain (quotient) algebras. We
will now provide a strategy which reduces the problem further to a combinatorial problem of
computing equivalence classes of some distinguished partitions.
We assume that t ∈ C\{0} for the rest of the article. Recall that we denote by qp the partition
obtained by the composition of p and q for two compatible partitions p, q, while we denote by
q ◦ p = tl(q,p)qp the multiplication in Rep(C, t). By assuming t 6= 0 we have qp = 1
tl(q,p)
q ◦ p.
Our aim is to compute primitive idempotents in Λk = Λ(End([k])/(νk)) for all k ∈ N0 in order
to classify all indecomposable objects in Rep(C, t) via Proposition 4.8. For this purpose we will use
some methods of [FW16] and we start by recalling some definitions:
Definition 5.1. A block of a partition p ∈ P (k, l) is called through-block if it contains upper points
as well as lower points. We denote the number of through-blocks by t(p).
Definition 5.2 ([FW16, Def. 2.7.]). A partition p ∈ P (k, k) is called projective, if there exists
a partition p0 ∈ P (k, t(p)) such that p = p∗0p0. For any category of partitions C, we denote by
ProjC(k) the set of all projective partition in C(k, k).
Remark 5.3. A partition p ∈ C(k, k) is projective if and only if p = p∗ and p = pp by [FW16,
Lemma 2.11.]. Thus t−l(p,p)p is an idempotent in CC(k, k).
Moreover, note that for a projective partition p = p∗0p0, p0 is a partition in P (k, t(p)), but not
necessarily in C(k, t(p)).
Example 5.4. The partitions ∈ P (2, 2) and ∈ P (2, 2) are projective, but ∈ P (3, 3) is not.
We fix a category of partitions C and some k ≥ 0. Let us denote E := EndC([k]) = CC(k, k).
Recall that t(pq) ≤ t(p), t(q) for any two compatible partitions p, q. Hence, we have an ideal
IT := (q ∈ C(k, k) : t(q) < T ) in E
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generated (or equivalently, spanned) by all partitions with less than T through-blocks, for any
T ≥ 0.
In [FW16], Freslon and Weber used only projective partitions to construct the representations of
a given easy quantum group. The following lemma shows that we can also use projective partitions
to compute primitive idempotents in E.
Lemma 5.5. For any T ≥ 0
IT =
∑
p∈ProjC(k),t(p)<T
(p)
and, in particular,
E =
∑
p∈ProjC(k)
(p).
Proof. Consider q ∈ C(k, k) with t(q) < T . We set p := qq∗ ∈ C(k, k). By [FW16, Lemma 2.11.]
the partition p is projective, q = pq, and t(p) ≤ t(q) < T . We have p ◦ q ∈ (p) and since t 6= 0, it
follows that q = pq ∈ (p).
This proves the inclusions of the left-hand sides in the right-hand sides. The opposites inclusions
follow again from the fact that the number of through-blocks of a product is limited by the number
of through-blocks of each factor. 
In [FW16, Def. 4.1.], Freslon and Weber associated to every projective partition a representation
of the corresponding easy quantum group using the functor F described in Section 2.3. They
observe that this representation is far from being irreducible, and go on to determine its irreducible
components.
Similarly, the sets Λ(pEp) contain a lot of primitive idempotents with a complicated structure.
Thus, using Lemma 4.4, we will break these sets up into smaller sets of primitive idempotents,
which we understand.
Definition 5.6. For any p ∈ C(k, k) we denote by
Ip := pEp ∩ It(p) = pIt(p)p
the ideal in pEp which is spanned by all partitions with less than t through-blocks.
Proposition 5.7. For any primitive idempotent e ∈ Λ(pEp/Ip), there is a unique primitive idem-
potent lift Le ∈ Λ(pEp) ⊂ Λ(E), and the mapping
L :
⊔
p∈ProjC(k)
Λ(pEp/Ip)→ Λ(E), e 7→ Le
is surjective.
Proof. Recall from Lemma 4.4 that we can uniquely lift (primitive) idempotents modulo any ideal
which is generated by an idempotent. Since Ip is the sum of ideals generated by idempotents by
Lemma 5.5, we can repeat this process to obtain a unique primitive idempotent lift Le for any
primitive idempotent e ∈ Λ(pEp/Ip).
Let f ∈ E be a primitive idempotent. There there exists a projective partition p ∈ C(k, k) with
f ∈ pEp, take for instance p = idk. We assume that p is minimal in the sense that there does
not exist a projective partition q ∈ C(k, k) with f ∈ qEq and t(q) < t(p). If we apply Lemma 4.4
inductively for all projective partitions in Ip, it follows, together with Lemma 5.5, that there exists
a primitive idempotent e ∈ pEp/Ip such that its lift Le is conjugated to f .
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Note, in particular, that idempotents made up of partitions with at most T through-blocks can
be obtained as lifts of idempotents in (p) for a projective partition p with the same number of
through-blocks T , for any T ≥ 0. 
Recall that we used a distinguished idempotent νk ∈ CC(k, k) = E to describe primitive idem-
potents corresponding to indecomposables subobjects of [k] in Rep(C, t) which are isomorphic to
indecomposables subobjects of [k′] for some k′ < k in case ↑ 6∈ C (see Proposition 4.8).
Corollary 5.8. L induces a surjective mapping⊔
p∈Proj
C
(k),p6∈(νk)
Λ(pEp/Ip)→ Λ(E/(νk)), e 7→ Le + (νk).
Thus, it remains now to describe the primitive idempotents in the quotients pEp/Ip. It turns
out, that this can be achieved using combinatorial ideals explained in [FW16]. In particular, we will
need a certain subgroup S(p) of a symmetric group which we associate to any projective partition
p.
Definition 5.9 ([FW16, Def. 4.7.]). Let p ∈ ProjC(k) be a projective partition with T := t(p)
through-blocks and with a decomposition p = p∗0p0 with p0 ∈ P (k, T ). For any σ ∈ ST we define
pσ := p
∗
0σp0 in P (k, k) and S(p) := {σ ∈ ST | pσ ∈ C(k, k)}.
Note that p = p2 = p∗0(p0p
∗
0)p0 implies that p0p
∗
0 ∈ P (T, T ) is a partition with at least T through-
blocks, hence, it is a permutation. Due to its symmetric factorisation, we even get p0p
∗
0 = id. This
implies that pσpτ = pστ for σ, τ ∈ St. As also pid = p, S(p) is a subgroup of ST . In fact, the
subgroup is the same up to conjugation in ST for all choices of p0.
Example 5.10. Let k1, . . . , ks ≥ 0, k := k1 + 2k2 + · · ·+ sks, T := k1 + · · ·+ ks,
q := {{1, 1′}}⊔k1 ⊔ {{1, 2, 1′}}⊔k2 ⊔ · · · ⊔ {{1, . . . , s, 1′}}⊔ks ∈ P (k, T ).
Then p := ek1,...,ks := q
∗q ∈ P (k, k) is a projective partition.
If C = P is the category of all partition, we have S(p) = ST .
Now consider C = 〈 , ↑⊗↑, 〉, the category of all partition that have an even number of blocks
of odd size, which also contains the partition p. Then q∗σq ∈ C for some σ ∈ ST if and only if the
number of strings of σ that connect a block of even size and a block of odd size is even. But this
is always the case and hence we have again S(p) = ST .
For any other group-theoretical category, we compute S(p) in the following lemma. In particular,
for C = Peven we get S(p) = Sk1+k3+...+kl × Sk2+k4+...+km .
Lemma 5.11. If C is a group-theoretical category of partitions, but not P or 〈 , ↑⊗ ↑, 〉. Then
we have
S(ek1,k2,...,ks) = S(idk1+k3+...)× Sk2+k4+....
Proof. In any such category of partitions C, all blocks have even size by [RW15]. Hence, if we
consider the composition q∗σq for some σ ∈ ST , then all strings of σ connect either two blocks
of even size or two blocks of odd size if q∗σq ∈ C. The partition ∈ C ensures that we stay
in C if we shift pairs of adjacent points through a partition. One can check that this implies that
S(p) = S(p1)× S(p2) with
p1 = q
∗
1q1, q1 := {{1, 1′}}⊔k1 ⊔ {{1, 2, 3, 1′}}⊔k3 ⊔ . . .
p2 = q
∗
2q2, q2 := {{1, 2, 1′}}⊔k2 ⊔ {{1, 2, 3, 4, 1′}}⊔k4 ⊔ . . .
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Since {{1, . . . ,m, 1′}} ∈ C for every group-theoretical category of partitions C and odd m ∈ N, we
have S(p1) = S(idk1+k3+...). Moreover, any partition p
∗
2σp2 with σ ∈ Sk2+k4+... is a coarsening of
r∗r with r := {{1, 2}}⊔k2 ⊔ {{1, 2}, {3, 4}}⊔k4 ⊔ · · · ∈ C and as every group-theoretical category is
closed under coarsening by RW14, it follows that S(p2) = Sk2+k4+.... 
The next lemma is an abstraction of Proposition 4.15. in [FW16].
Lemma 5.12. Let p ∈ ProjC(k) be a projective partition. Then the map CS(p) → pEp, σ 7→ pσ,
induces an algebra isomorphism between CS(p) and pEp/Ip.
Proof. Due to the observed multiplicativity, the map is an algebra map.
Now pEp/Ip is spanned by pqp + Ip, where pqp is a partition with T := t(p) through-blocks.
As pqp = p∗0(p0qp
∗
0)p0, this means p0qp
∗
0 ∈ P (T, T ) has at least T through-blocks. Hence it is a
permutation, and pqp = pp0qp∗0 lies in the image of our map.
We claim that pσ 6= p for any id 6= σ ∈ St. Indeed, assume pσ = p, then
p0(p
∗
0σp0)p
∗
0 = (p0p
∗
0)
2 ⇒ σ = id,
as p0p
∗
0 = id. This implies that the pσ form a set of distinct partitions with exactly T through-
blocks. Hence, they are linearly independent even modulo Ip, and our map is bijective. 
In particular, the group algebra of the group S(p) encodes the relevant information on primitive
idempotents in the quotient pEp/Ip for any fixed projective p.
To investigate how primitive idempotents stemming from different projective idempotents p and
q interact in E, let us make the following definition:
Definition 5.13. Let p ∈ ProjC(k) be a projective partition. We denote by
Λ
(p)
k = {Le | e ∈ Λ(pEp/Ip)}
the set of conjugacy classes of (primitive idempotent) lifts of all idempotents in Λ(pEp/Ip) into E.
Now, we want to study under which conditions Λ
(p)
k ∩ Λ(q)k 6= ∅ for projective partitions p, q ∈
ProjC(k). It turns out that this is exactly the case if p and q are equivalent in the sense of [FW16,
Def. 4.17.] and then we have Λ
(p)
k = Λ
(q)
k .
Definition 5.14. Two projective partitions p, q ∈ ProjC(k) are equivalent in C, denoted by p ∼ q, if
there exists a partition r ∈ C(k, k) such that rr∗ = p and r∗r = q. We denote the set of equivalence
classes by ProjC(k)/ ∼.
Note that p and q being equivalent implies t(p) = t(q) by [FW16, Lemma 4.19.].
Lemma 5.15. Two projective partitions p, q ∈ ProjC(k) are equivalent if and only if the ideals
(p), (q)E E coincide.
Proof. If p and q are equivalent, then p = p2 = rr∗rr∗ = rqr∗ ∈ (q) and q = q2 = r∗rr∗r = r∗pr ∈
(p), since t 6= 0. This implies (p) = (q).
Now, let (p) = (q). Then we have t(p) = t(q), which is largest number of through-blocks of any
partition contained in the ideal, and there exist elements a, b ∈ CC(k, k) with p = aqb. Since p and
q are both partitions, we can assume that a, b are partitions, as well.
Let T := t(p) = t(q), and write q = q∗0q0 for some q0 ∈ P (k, T ). As p = p∗ = p2, we have
p = (aqb)(aqb)∗ = aq∗0q0bb
∗q∗0q0a
∗.
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Here, q0bb
∗q∗0 is a partition in P (T, T ) with at least T through-blocks, so all blocks contain exactly
one upper and one lower point. Moreover, it has a symmetric factorisation as (q0b)(q0b)
∗, so it must
be the identity partition. This means p = aqa∗ = (aq)(aq)∗.
A similar argument implies that q0a
∗aq∗0 is the identity partition, so (aq)
∗(aq) = q, showing that
p and q are equivalent, as desired. 
Lemma 5.16. Let p, q ∈ ProjC(k) be two projective partitions.
(i) If p and q are equivalent, then Λ
(p)
k = Λ
(q)
k .
(ii) If p and q are not equivalent, then Λ
(p)
k ∩ Λ(q)k = ∅.
Proof. (i) By Lemma 4.4 the set Λ
(p)
k contains the conjugacy classes of primitive idempotents in
(p) but not in It(p)−1. If p and q are equivalent, then (p) = (q) and t(p) = t(q).
(ii) Let e be a primitive idempotent in (p) ∩ (q), but not in It(p)−1 or It(q)−1. Then we can
assume that e ∈ pEp and write
e =
∑
r∈pC(k,k)p∩(q)
arr
with ar ∈ C for all r ∈ C(k, k). Here we use that (q) is spanned by the partitions it contains. Since
e /∈ It(p)−1, there exists a partition r with ar 6= 0 and t(p) through-blocks.
By Lemma 5.12 r lies in the span of partitions of the form pσ modulo Ip, but as both r and pσ
are partitions with t(p) through-blocks, and as sets of distinct partitions are linearly independent,
r = pσ for a permutation σ ∈ S(t(p)). This yields p = pidt(p) = pσpσ−1 = rpσ−1 and since t 6= 0, it
follows that p ∈ (q).
Similarly, one can check that q ∈ (p) and hence (p) = (q). By Lemma 5.15 this implies that p
and q are equivalent. 
Proposition 5.17. The following mapping is a bijection
L :
⊔
[p]∈ProjC(k)/∼
Λ(pEp/Ip)→ Λ(E), e 7→ Le.
In particular, we have a bijection
L :
⊔
[p]∈ProjC(k)/∼
p6∈(νk)
Λ(pEp/Ip)→ Λ(E/(νk)), e 7→ Le + (νk).
Proof. This follows directly from Lemma 5.16 and Proposition 5.7 or Corollary 5.8, respectively. 
We are ready to prove our second Main Theorem 1.2., which reduces the computation of inde-
composable objects in Rep(C, t) to the computation of equivalence classes of projective partitions.
Let us denote the isomorphism classes of irreducible complex representations of a groupG by Irr(G).
Theorem 5.18. Let C be a category of partitions with ↑ /∈ C and 0 6= t ∈ C. Then transferring and
lifting idempotents yields a bijection
L :
⊔
k≥0
⊔
[p]∈ProjC(k)/∼
p6∈(νk)
Irr(S(p))←→
{
isomorphism classes of non-zero
indecomposable objects in Rep(C, t)
}
.
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Proof. By Proposition 4.8 we have the bijection⊔
k≥0
Λk ←→
{
isomorphism classes of non-zero
indecomposable objects in Rep(C, t)
}
.
and by Proposition 5.17 we have the bijection
Λk ←→
⊔
[p]∈ProjC(k)/∼
p6∈(νk)
Λ(pEp/Ip).
Moreover, by Lemma 5.12 the algebra pEp/Ip is isomorphic to the group algebra CS(p) for any
p ∈ ProjC(k).
Finally, the primitive idempotents of a complex group algebra up to conjugation correspond
to the irreducible complex representations of the group, where the primitive idempotents can be
interpreted as projection operators onto the respective irreducible subrepresentation inside the
(semisimple) regular representation. 
The theorem yields a description of the Grothendieck group of the additive category Rep(C, t).
Since the latter category also has a monoidal structure, we want to extend this to a description of
the Grothendieck ring.
Let ProjC :=
⋃
k≥0 ProjC(k) be the set of projective partitions in C. We observe that ProjC is a
semigroup with the operation ⊗ and the identity element being the empty partition p0 ∈ C(0, 0).
The equivalence relation ∼ induces an equivalence relations on ProjC such that two projective
partitions can be equivalent only if they are elements in ProjC(k) for some k ≥ 0, and the semigroup
operation ⊗ induces one on the equivalence classes ProjC / ∼. We also observe that for any p, q ∈
ProjC , we have an embedding S(p) × S(q) → S(p ⊗ q). For each p ∈ ProjC , let us denote the
Grothendieck group of Rep(S(p)) by K(S(p)), that is, K(S(p)) is the abelian group whose elements
are isomorphism classes [V ] of (complex) S(p) representations with the operation [V ] + [W ] =
[V ⊕W ] for any two S(p) representations V,W .
Finally let us define the subset
P := {p ∈ ProjC(k) : k ≥ 0, p 6∈ (νk)}
of ProjC . The equivalence relation ∼ induces one on P , as equivalent projectives generate the same
ideal.
Definition 5.19. We define the ring
R :=
⊕
[p]∈P/∼
K(S(p))
with the multiplication
[V ] · [W ] :=
{
[Ind
S(p⊗q)
S(p)×S(q)(V ⊠W )] p⊗ q ∈ P
0 else
for all V ∈ Rep(S(p)) and W ∈ Rep(S(q)), with the identity element corresponding to the one-
dimensional representation of the trivial group S(p0).
Definition 5.20. Let us assign an element in N0 × N0 to all objects and morphisms in Rep(C, t):
we assign any partition p ∈ C(k, k) with t(p) through-blocks the pair of numbers (k, t(p)). This
extends to linear combinations by taking the maximum, and to indecomposable objects by taking
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the minimum over all idempotents with isomorphic image, and to arbitrary objects by taking the
maximum over all indecomposable summands, where we use the (total) lexicographic order. Let us
denote the Grothendieck ring of Rep(C, t) by K(C, t).
Lemma 5.21. This defines an N0 × N0-filtration on K(C, t).
Proof. It can be checked directly that the filtered subsets are additive subgroups which behave in
the desired way under multiplication. 
We obtain the following analogue of [Del07, Prop. 5.11], a description of the associated graded
of the Grothendieck ring for Rep(St).
Proposition 5.22. Let C be a category of partitions with ↑ /∈ C and 0 6= t ∈ C. Then the mapping
L induces a ring isomorphism between R and the associated graded ring grK(C, t).
Proof. Theorem 5.18 means that L induces a bijection of abelian groups.
Consider Vi ∈ Irr(S(pi)) i ∈ {1, 2}, pi ∈ ProjC . If pi ∈ C(ki, ki) for ki ≥ 0, and if p1 ⊗ p2 ∈
(νk1+k2), then the object corresponding to V1⊗V2 is isomorphic to one stemming from an idempotent
of the object [k′] for some 0 ≤ k′ < k1+ k2 (as discussed in the proof of Proposition 4.8). Hence, it
has filtered degree less than (k1+k2, t(p1)+ t(p2)), and the corresponding product in the associated
graded of the Grothendieck ring is 0.
Otherwise, let ei be the primitive idempotents in CS(pi) corresponding to Vi. Then the tensor
product of the objects corresponding to Vi in Rep(C, t) are the image of the tensor product of
the idempotent lifts of the ei. Modulo lower order terms in the filtration, they correspond to the
idempotent
e := e1 ⊗ e2 ∈ CS(p1)⊗ CS(p2) ⊂ CS(p1 ⊗ p2).
Let (Vλ)λ be a set of isomorphism classes of irreducible complex representations for S(p1⊗p2), with
corresponding primitive idempotents (eλ)λ in the group algebra. Then e decomposes as a linear
combination e =
∑
λ nλeλ with multiplicities (nλ)λ, where
nλ = dimHomS(p1)×S(p2)(ResS(p1)×S(p2) Vλ, V1 ⊠ V2)
= dimHomS(p1⊗p2)(Vλ, Ind
S(p1⊗p2)
S(p1)×S(p2)
V1 ⊠ V2).
This shows that the structure constants of the multiplication coincide in the two rings considered.

We note that the ring R does not depend on t and the Grothendieck ring of Rep(C, t) can be
viewed as a filtered deformation of this ring with deformation parameter t.
Let us consider now a group-theoretical category of partitions C, and let us recall (Theorem 3.32)
that Rep(C, t) is not semisimple if and only if t ∈ N0. In this case, we record some general
observations about the semisimplification ̂Rep(C, t). For any k ≥ 0, p ∈ ProjC(k), and V in
Irr(S(p)), let us denote the primitive idempotent in C(k, k) corresponding to the indecomposable
object L(V ) according to Theorem 5.18 by ek,p,V .
Lemma 5.23. If t ∈ N0, then L together with the quotient functor Rep(C, t)→ ̂Rep(C, t) yields a
bijection
V ←→
{
isomorphism classes of non-zero
indecomposable objects in ̂Rep(C, t)
}
,
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where V is the set of isomorphism classes of those V ∈ Irr(S(p)) for k ≥ 0, [p] ∈ ProjC(k)/ ∼,
p 6∈ (νk), whose associated idempotent ek,p,V decomposes into a sum of primitive idempotents (ei)i
in P (k, k) ⊃ C(k, k) at least one of which has non-zero trace.
Proof. By general results on the semisimplification (see [EO18, Thm. 2.6] or Lemma 3.3), the quo-
tient functor induces a bijection between the isomorphism classes of indecomposable objects of
non-zero dimension in the original category and the isomorphism classes of non-zero indecompos-
ables in the semisimplification. The dimension in Rep(C, t) can be computed by decomposing the
relevant idempotent in Rep(P, t) = Rep(St) and summing the non-negative traces of the involved
idempotents in Rep(St) (they correspond to dimensions of objects in Rep(St) = R̂ep(St)). 
This allows us to describe at least a part of the semisimplification ̂Rep(C, t) uniformly for all
group-theoretical C.
Proposition 5.24. If t ∈ N0, then there is a unique isomorphism class of non-zero indecomposable
objects in ̂Rep(C, t) for each isomorphism class in Irr(S(p)), for all p ∈ P with t(p) ≤ t/2, i.e. p
has at most t/2 through-blocks.
Proof. Consider any ideal I in a ring of characteristic not 2 and an idempotent e in I. Assume
e = e1 + e2 for two idempotents e1, e2 in the ring. Then e1 + e2 ≡ 0 and e1 ≡ e21 ≡ (−e2)2 ≡ e2
modulo I. Hence both e1 and e2 lie in I.
Taking I to be the ideal spanned by all partitions with at most t/2 through-blocks in P (k, k)
implies that decomposing the idempotent for some V ∈ Irr(S(p)) in P (k, k) results in a sum of
primitive idempotents all of which have at most t/2 through-blocks. Such primitive idempotents
have non-zero traces by the description of the negligible primitive idempotents in Rep(St) in [CO11,
Rem. 3.25]. 
5.2. Indecomposable objects in Rep(Ht) and Rep(H
+
t
). In this subsection, we apply The-
orem 5.18 to compute all indecomposable objects up to isomorphism in Rep(Ht) = Rep(Peven, t)
and Rep(H+t ) = Rep(NCeven, t) for t ∈ C\{0}. Recall that
ν0 = ν1 = 0, ν2 =
1
t
, νk := idk−3 ⊗ for all k ∈ N≥3
for t ∈ C\{0} and note that in this case, (νk) = (idk−2 ⊗ ) for all k ∈ N≥2.
To apply Theorem 5.18, we have to describe projective partitions in C(k, k)\(νk). We start by
describing the set C(k, k)\(νk).
Lemma 5.25. Let C ∈ {Peven, NCeven} and k ∈ N≥2. Then
C(k, k)\(νk) = {p ∈ C(k, k) | p has only through-blocks and any block
has at most 2 upper and at most 2 lower points}.
Proof. Although the statement applies to both C = Peven and C = NCeven, we have to distinguish
the two cases most of the time. Let p ∈ C(k, k). At first we assume that p has a block with more
than 2 upper points a, b, c:
p =
. . .
. . . . . .a b c
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We have
. . . =
. . .
. . .
. . .
∈ (νk).
If C = Peven, then ∈ Peven implies that
q = ∈ (νk).
. . .
. . . . . .
. . .
. . . . . .
a b c
a′ b′ c′
and thus we have p = qp ∈ (νk).
If C = NCeven, we have
. . . =
. . .
. . .
. . .
∈ (νk)
and it follows by induction that
q1 = . . . . . . ∈ (νk).
Moreover, there exist two subpartitions which are not connected to any other point of p: pˆ1 ∈
NCeven(b− a− 1, 0) by restricting p to the points {a+ 1, . . . , b− 1} and pˆ2 ∈ NCeven(c− b− 1, 0)
by restricting p to the points {b+ 1, . . . , c− 1}.
p =
. . .
pˆ1 pˆ2
a b c
We set
q2 =
. . . . . .
. . . . . .
a
pˆ1
b
pˆ2
c
a′ b′ c′
and it follows that p = pq1q2 ∈ (νk).
Now we assume that any block of p has at most 2 upper and at most 2 lower points and that p
has a non-through block.
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p =
. . .
. . .a b
If C = Peven, again ∈ Peven implies that
q = 1t ∈ (νk).
. . .
. . .
. . .. . .
a b
a′ b′
and hence we have p = qp ∈ (νk).
If C = NCeven, we have
. . . = 1t2
. . .
. . .
. . .
∈ (νk)
and it follows by induction that
q1 = . . . . . . ∈ (νk).
Moreover, since p is non-crossing, the restriction of p to the points {a + 1, . . . , b − 1} yields a
subpartition pˆ ∈ NCeven(b− a− 1, 0) which is not connected to any other points in p:
p =
. . .
pˆ
a b
We set
q2 =
. . .
. . . . . .
a
pˆ
b
a′ b′
and it follows that p = 1t pq1q2 ∈ (νk) if b > a+ 1 and p = 1t2 pq1q2 ∈ (νk) if b = a+ 1.
Thus we have shown that C(k, k)\(νk) ⊆ Q.
Any partition in (νk) which has only through-blocks has to have at least one through-block with
at least 6 points. Hence none of the partition in Q lies in (νk) and the claim follows. 
Remark 5.26. Note that we have explicitly used that C either contains or it contains only non-
crossing partitions. Moreover, although all appearing partitions in the case C = NCeven also lie in
C = Peven, we cannot apply this technique for C = Peven, since the partitions pˆ, pˆ1, pˆ2 might then
be connected to other points in p.
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Now we compute all indecomposable objects in Rep(Ht) up to isomorphism for t ∈ C\{0}. It is
well-known that, for n ∈ N0, inequivalent irreducible representations of the hyperoctahedral group
Hn can be indexed by bipartitions of size n, i.e. pairs (λ1, λ2) of partitions of some n1 ≤ n and
n2 ≤ n, respectively, with n = n1 + n2 ([GK78], see also [Ore05]). We show that this description
extends to a description of the non-isomorphic indecomposable objects in Rep(Ht) = Rep(Peven, t)
by bipartitions of arbitrary size.
Recall the definition of the partitions
ek1,k2 := idk1 ⊗ ⊗ . . .⊗ ∈ Peven(k1 + 2k2, k1 + 2k2),
for any k1, k2 ∈ N0 of Example 5.10.
Proposition 5.27. Let t ∈ C\{0}. Then there exists a bijection
φ :
{
Bipartitions λ = (λ1, λ2)
of arbitrary size
}
→
{
isomorphism classes of non-zero
indecomposable objects in Rep(Ht)
}
.
Proof. We start by showing that the set {ek1,k2 | k1, k2 ∈ N0, k1+2k2 = k} is a set of representatives
for all equivalence classes of projective partitions in Peven(k, k)\(νk) for any k ∈ N0.
Let k ∈ N0. Since t(ek1,k2) = k1 + k2 is different for all k1, k2 ∈ N0 with k1 + 2k2 = k, the
partition in {ek1,k2 | k1, k2 ∈ N0, k1 + 2k2 = k} are pairwise non equivalent.
Let p be projective partition in Peven(k, k)\(νk). Then p has only through-blocks and any block
has at most 2 upper and at most 2 lower points by Lemma 5.25. We denote by k1 the number pf
blocks of p of size 2 and by k2 the number pf blocks of p of size 4. Since ∈ Peven(k, k), it is easy
to check that (p) = (ek1,k2) and hence p is equivalent to ek1,k2 . Thus the claim follows.
Now, we apply Theorem 5.18 and obtain a bijection⊔
k≥0
⊔
p∈Ak
Λ(CS(p))⇐⇒
{
isomorphism classes of non-zero
indecomposable objects in Rep(H+t )
}
.
with Ak = {ek1,k2 | k1, k2 ∈ N0, k1 + 2k2 = k} for all k ∈ N0.
By Lemma 5.11 we have S(ek1,k2) = Sk1 × Sk2 and there exists a bijection
Λ(Sk1 × Sk2)←→
{
Bipartitions λ = (λ1, λ2)
with |λ1| = k1, |λ2| = k2
}
.
Hence the claim follows. 
We conclude our discussion by computing all indecomposable objects in the interpolation cate-
gories Rep(H+t ) = Rep(NCeven, t) up to isomorphism for t ∈ C\{0}. In [BV09, Thm. 7.3.] Banica
and Vergnioux showed that, for any n ∈ N0, inequivalent irreducible representations of the free
hyperoctahedral quantum group H+n are indexed by finite binary sequences (of arbitrary length,
independent of n). We show that also non-isomorphic indecomposable objects in Rep(H+t ) are
indexed by finite binary sequences.
Proposition 5.28. Let t ∈ C\{0}. Then there exists a bijection
φ :
⋃
b∈N0
{1, 2}b ←→
{
isomorphism classes of non-zero
indecomposable objects in Rep(H+t )
}
.
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Proof. For any b ∈ N0 and a = (a1, . . . , ab) ∈ {1, 2}b we define a partition ea ∈ NCeven(k, k) with
k :=
∑b
i=1 ai by ea := ea1 ⊗ea2⊗· · ·⊗eab with e1 = id1 and e2 = . By [FW16, Lemma 5.12.] the
set Ak := {ea | b ∈ N0, a ∈ {1, 2}b,
∑b
i=1 ai = k} is a set of representatives for all equivalence classes
of projective partitions in NCeven(k, k) for any k ∈ N0. Moreover, by Lemma 5.25, all partitions
ea lie in NCeven(k, k)\(νk).
We have S(ea) = idb, since (ea)σ would have a crossing for any σ 6= id. Hence we have a bijection⊔
k≥0
⊔
p∈Ak
Λ(CS(p))←→
⋃
b∈N0
{1, 2}b.
and the claim follows by Theorem 5.18. 
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